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• Co-ordinate systems

• Projection and transformation (linear algebra)

• Light and shading

• Rendering methods

3D vector graphics3D vector graphics
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3D vector graphics3D vector graphics

• 3D Objects

• Surface description

• Surface faces
(usually triangles)

• Light and shading

• 3D space

• 3D space transformation

• 3D space projection
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Co-ordinate systemsCo-ordinate systems

• Object co-ordinate system

• World co-ordinate system (WCS)

• Camera co-ordinate system (CCS)

• Film co-ordinate system (FCS)

• Affine transformation

• Projection

ZWCS

YWCS

XWCS

ZCCS

YFCS

XFCS

YCCS

XCCS

Y1

Z1

X1
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Projection ClassificationProjection Classification

Planar Geometric Projections

Parallel Perspective

Orthographic

Top
(Plan)

Front

Side

elevation

Axonometric

Other One-point

Two-point

Three-point

Isometric Other

„Introduction to Computer Graphics” 

J.Foley, A. Van Dam, S. Feiner, R. Phillips

Addison-Wesley Pub. Comp. 1995
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ProjectionProjection

• Co-ordinates of objects are given in

CCS (already transformed).

• Projection is to reduce dimensionality
of 3D space to 2D space (of a film)

ZCCS

YFCS

XFCS

YCCS

XCCS
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Parallel projectionParallel projection

x’k= xk

y’k= yk

CCS

z

y

x

Pk(xk, yk, zk)

P’k(x’k, y’k)

FCS
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Principles of perspective projectionPrinciples of perspective projection
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Perspective projectionPerspective projection

Pk(xk, yk, zk)
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z

y
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What happens when d is huge?

cp – center of projection
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Linear transformationLinear transformation

• Original image

• Scaling

• Rotation

• Shear

• Reflection

• ??

• ??
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• Let us transform co-ordinates in WCS onto CCS

• Affine transformation is a composition of translation and

linear transformation

• Linear transformation is rotation, scaling, reflection and

shear (usually only rotation is performed)

ZWCS

YWCS

XWCS

ZCCS

YCCS

XCCS

Affine transformationAffine transformation
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TranslationTranslation

WCS
CCS

xWCS

yWCS
zWCS

xCCS

yCCS

zCCS
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Linear transformation (Rotation matrix)Linear transformation (Rotation matrix)
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Rotation matrix propertiesRotation matrix properties
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• Rotation means no scaling, shear or

reflection

• Properties:

– Orthonormal

• |det C| = 1 – no scaling

• det C > 0 – no reflection

• Orthogonal – no shear

CTC=1

CTCC-1=1C-1

CT=C-1
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Example 1 Example 1 

1. Camera is at [ax, ay, az]
T in WCS,

2. Camera is directed along [bx, by, bz]
T vector in WCS,

3. Camera stands straight (base is parallel to OYZ plane of WCS)

Find translation vector and rotation matrix
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Example 1 Example 1 

1. Camera is at [ax, ay, az]
T in WCS. Therefore

translation vector [tx, ty, tz]
T = -[ax, ay, az]

T

2. Vector [czx, czy, czz]
T transforms camera direction

in WCS into Z-axis in CCS, Therefore it is equal

to normalized cmera direction

[czx, czy, czz]
T = [bx, by, bz]

T / ||[bx, by, bz]
T||

3. Camera stands straight. Vector [czx, czy, czz]
T is

perpendicular [czx, czy, czz]
T and parallel to Y axis

and Z axis of WCS.
[cxx, cxy, cxz]

T = [czz, 0, -czx]
T / ||[czz, 0, -czx]

T||

4. Vector [cyx, cyy, cyz]
T is parallel to [cxx, cxy, cxz]

T

and [czx, czy, czz]
T. Therefore it is a vector product

of the two.
[cyx, cyy, cyz]

T = [cxx, cxy, cxz]
T x [czx, czy, czz]

T
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Example 2 Example 2 

1. Camera is at [ax, ay, az]
T in WCS,

2. Camera is rotated by:

yaw α angle to the left

pitch β angle up

and rolled by γ angle counter clockwise

Find translation vector and rotation matrix
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Example 2 Example 2 
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C =C =

1. [tx, ty, tz]
T = -[ax, ay, az]

T

2. Rotation matrix is composed by three rotations

yaw,                  pitch and roll. 

The three matrices are multiplied to produce

a complete rotation in 3D space. 

α

z’

x’

z

x

x’ = x cosα + z sinα

z’ = z cosα - x sinα
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Example 2Example 2
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Homogeneous coordinatesHomogeneous coordinates

Affine transformation is a 
composition of translation

and linear transformation
(summation of vectors and

matrix multiplication).

The affine transformation is
represented by transation

vector and rotation matrix.

However, the affine

transformation can be 
represented just by a single 

matrix in homogeneous

coordinates.

A 4x4 transformation matrix is

often used in 3D graphics
programs.
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Object modellingObject modelling

• If the model is not transparent or

translucent its surface plays a 
role.

• Surface is modeled by a mesh of

(coplanar) polygons (usually
triangles) 

edge

vertex
face
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Excluding (culling) hidden surfacesExcluding (culling) hidden surfaces

• Viewing frustum culling (clipping)

• Back face culling

• Occlusion culling
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Viewing frustum cullingViewing frustum culling

cp

near plane

(przednia płaszczyzna

obcinania)

far plane

(tylna płaszczyzna

obcinania)

Frustum

(bryła widzenia)
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If the screen is W x H, and the far plane is at distance D from the near plane then the

visible will be point Pk, of CCS coordinates:
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n

yCCS

zCCS

n cv

cv

cv – vector directed

from cp to the center

of the face

If cv•n  > 0 the face is visible

n – normal vector of

the face directed

outside from the object

cp

Back face cullingBack face culling
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If the face is

1. coplanar and convex

2. vertices are listed in clockwise order, 

when looking from the inside of the
object

then:

n = (p2 p3  x p2 p1) / || p2 p3  x p2 p1 ||

Normal vectorsNormal vectors

P1

P2

P3

P4

P5
n
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OcclusionsOcclusions

• Z-buffer (or depth buffer)– a image size matrix for storage distance information for 
projected points (pixels). When image is rendered the Z-buffer is filled with distances for 

pixels being draw. Pixel is redraw only when distance to projected point is closer then a 
distance stored in Z-buffer.

cp
screen

The closer object
occludes the

farther one.
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Light and shadingLight and shading

• Light sources

• Shading models

• Object interactions

Image Processing & Computer Graphics 47

Projekt współfinansowany przez Unię Europejską 
w ramach Europejskiego Funduszu Społecznego

Light sourceLight source

• Ambient light

• Directed light

• Point light source

• Light color ( RGB model)

R=0
G=1

B=0

R=1
G=0

B=1
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Modele odbićModele odbić

Gouraud model 
(soft transitions) Phong model

(specular light)

Flat shadingAmbient ilumination
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Shading models (flat shading)Shading models (flat shading)

• Directed light

• Face is uniform

s

n

• s is a normalized light vector

• n is a face normal vector

• LR LG LB are color light components

• JR JG JB are color components of fase

surface

• Face color is given the folowing
equation:

LR JR

- LG JG     n • s

LB JB
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• Triangular mesh

• Directed light or point source light

• Normal vectors at vertices are
estimated as average of normal

vectors of connected faces

vl = (n1+ n2+ ...+ ni)/i

• Vector n’ is interpolated over the face

area by means of bilinear interpolation

• Face color may vary over the face area

LR JR

- LG JG     n’ • s

LB JB

vk

vl

vm

n1

n6

n5

n4

n3

n2

Gouraud shading modelGouraud shading model

Image Processing & Computer Graphics 51

Projekt współfinansowany przez Unię Europejską 
w ramach Europejskiego Funduszu Społecznego



18

Image Processing & Computer Graphics 52

Projekt współfinansowany przez Unię Europejską 
w ramach Europejskiego Funduszu Społecznego

Image Processing & Computer Graphics 53

Projekt współfinansowany przez Unię Europejską 
w ramach Europejskiego Funduszu Społecznego

• Phong model reflection

n

φ φ

• Reflection in an ideal mirror

Intensity of reflection is given by:

I = cosnα

Color of reflection depends on illumination only (color of a face does

not contribute)

n

φ φ

α

Specular light – Phong shading modelSpecular light – Phong shading model
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TexturesTextures

Texture allows to model 

details of a surface of
real objects (e.g. 

sandstone, bricks, wood, 
etc.). Texture is defined

in the form of 2D rastrer
image. Texture is

projected on the object
face (pixels of the face

drawn on the film plane
sample texture)
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FogFog

The further object the less visible in the
fog. The fog model blends the fog color
and shaded scene.

k= αmkscene+ (1-αm) kfog

where αm=f (z)

f (z) – fog modeling function

Linear function

1, for z < zp

f (z) = 0, for z > zk

(zk - z)/(zk-zp), for others z

Exponent function

f (z) = exp(-gz)

Square exponent function

f (z) = exp(-gz2)

z – object distance from camera
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• OpenGL (GL - Graphics Language)

– standard and algorithms developed by Silicon Graphics for IRIS workstation,

– specification 1.0 in 1992 (multiplatform standard),

– Microsoft included OpenGL in Windows NT 4.0 and 95,

• Direct 3D (Direct X compont)

– Reality Lab from RenderMorphing (in 1994), 

– Microsoft buys RenderMorphing (1995) and creates Direct3D based on Reality Lab,

– Direct X works on Windows only. 

2001 © Piotr M. Szczypiński

APIs for 3D graphicsAPIs for 3D graphics
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• shades • diffuse reflections

Object interactionsObject interactions
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Ray tracing techniquesRay tracing techniques
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